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1. Introduction

Recently increasing attention has been paid to the non-Gaussian proper-
ties of small scales in turbulent flows as a manif~tation of intermittence.’
P*c numerical studies were, however, ahxmt always restricted to simu.k
tions wtth external forces or to results after several eddy-turn-over times.
This is because che ~tilibrium shapes of the Probability Density Fhnctions
(PDFs) of velocitij and velocity gradlenta were the msh concern (Kerr, 19S5;
Yamarnoco and Hoaokawa, 1988; She, Jackson and Orszag, 19S8; Kida and
Murakami, 1989: !d~cais and Herring, 19S9; Vincent and Meneguzzi, 1991).

As a theoretical tool to snalyze non-Gaussiazdty, Krakhnan and MS co
workers developed a systematic tech.rdque called mapping clrxure. The work-
ing hypothesis of the technique is that the shape of PDF is determined by a
balance between advection which produces active small eddi= and dissipa-
tion which wpes them out. As Lhese processes have different time scales (i.e.,
dlsslpatlon Ixxomes effective later than adwction for fields initially at large
scales), different shapes of PDF arc pmsihle u a rrmlt of combinations of
the processes, Accumte statlscicn.1 cdcu]atlons for decaying turbulence with
the Initial Camsinn c-ilstribucion Is vital, in the emmlnatlon of the hypoth-
$’!s1s,
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Fig. 1. Development of the kinetic energy spectrum. The initial spmtrum is
E(k, O) = 0.00t3k4exp(-0.0$t3k2), and others are plotted with a time interval of
0.2 up to t = 2.0.

In tlus article, wwshall present numerical redts on the development of
the shape of PDFs of the velocity components and transverse velocity gra-
dients of Xavier-Stokes turbulence (section 2). The Possibihty of controlling
interm!:tetlcy will be discussed in section 3. We usd 1h.ra-dimensional pseu-
dmpectral simulations with 643 periodic grid points. To get clean statistical
infomlation, avernges over a large number of en.aembles of different initial
conditions satisfying the same energy spectrum were taken.

2. Numerical 1{esults

First W’ stroll we the time scale dilrvn’llce In vark-ms quantitim such m
clev[dopmt’nts of th~~mwrgy spectrum. disslpatimt rate af mmgy. skt’wnwis
fnctm of longitldinnl velocity grndirmts, nnd klwtosis fmtor of trnnsw’rso
voloclty gnulicnts.

Thr dwm!oprrwrll of tho m-vgy spoctrllrn Is shown Irl Fig, 1. ‘rhr inilinl
sp,{:tnlrll is

f’:(k, O) OJ)o!ik’’rxp(-ol-188k2) , (i)
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Fig. 2, The total kinetic energy Eca~ = ~ ~ Iv(k) 12and the energy dmipa~ion rate,

& = -~ EtOt as functions of Lime.
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Fig. 4. The kurtmis factor of transverse velocity gradients.

In Fig. 2 we plot the total kinetic energy,

J?& = :~lv(k)lz ,
‘k

and the energy dissipation rate,

(2)

(3)

as functions of time. The energy dissipation rate (which is proportional to
Lheenstrophy for isotropic turbulence) has a maximum value at t s 0.4, and
this timo coincides with that of the appearance of the self-similar stage in
the energy spectrum development.

The following relatiomhlp is known for the enmrophy D (Lesieur 1987),

(4)

whmo D(t) 1~th~ murophy,

((;)
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Fig. 5. PDFs of velocity components (a) c=OO, (b) t=O.1, (c) t=O.5, (d) t=l .0,

(no summation rule is adoptd), and P(t) is the palinstropny,

(7)F(t) = Jm k4E(k, t)dk .

The initial slight decrease in &(t) is due to the viscous term in (4) because
S(t) is zero for the Gaussian distribution. The nonlinear term then becomes
gradually effective, and ~(t) (or D(t)) incre~ until the viscous term begins
to be dominant again because of the ener~ transfer to smaller scak.

If u is O and S(t) is positive (definite), the enstrophy will blow up at
a certain finite time, giving a real-time singularity for this case. When v is
not zero, on the other hand, the enstrophy will be de-singuhrizd. and we
might have a conjugate pair of complex-time singulari t its.

The skewness factor of Lhe three longitudinal velocity grndients are plot-
td from the average of 100 realizations (a), nnd a single realization (b), in
Fig. 3. Thr difference hctween (n) nrrcf(h) clm-wlyshows lhrit the miscmble
avcrngc is nmxhwi 10 ~xtrnct an isotropic ftint.urc O( the skowncss factor from
the data to enahlc IL~ to discuxs n possible mrstrophy blow-up hy virt.u~ of
(4).

E-igurc 3 shows n siznbl~ ovmshoot mound t + [).22, nnd n stnblr stng~
~pponrs nftor thnt which ngrms wilh lho thwr(licnl predictions (for oxnmph’.
the E,l) Q.,X.M. theory by Andrfi nnd lmirllr, 19’77),mrd n]so with proviomi
sirmdntmns (for ~xnmplo. Ilrm:hm PI d,, 1983),

“Ilrrv is n timv diffcrmx’, nlbvil smnll, INILWWVIth~’ ponk of thv (lissipn-
ticm rnt.p of rrwrgy wwl thnt of thr skmwss .2 Irllllilivdy spvnking. S’(/) is

1 ‘;”hlRWM IMIIIIIIWI1)111h 1{.)vl Iit’lr
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Fig. 6. PIIFs of the transve~ velocity gradients (a) t=O.0, (b) t=O. 1, (c) t=O.5,
(d) t= 1.0.

an indicator of the energy transfer, and the enstrophy is produced by the
ene~ transfer. Apparently, it smns natural that S(t) (cawe) has an earlier
peak than &(t) ( eflect), but the true mechanism is still an unsolved problem.

Figure 4 shows the kurtosis factor of transverse veloclty gradients K(t),

k(~) = ((~/~j)4)
- ((@/*j12)2

, (i#j:l,2,3) , (8)

which is another crucial quantity indicating a departure from Car.ussianity,
i.e.. intennittency, The plot is an average kurt~is of 6 different k’rtds of
transverse gradient, and each is obtained as an ensemble average of 10 real-
izations of initial ccmditlon%

Starting from 3.0, characteristic for the Chmsslan dlstrlhuticm, h’(t) irl-
crenms rnpidly an~i maximlzcs nt t z 0,4, t},cn decrmuws slowly to n st n-
Litmury vnluo. TIM’ tlmc for t% rrmxlmum kurtwds colncldes with thnt. for
Lhc dissipntlort rnt~, thernforc the biggest (sp~tlnl) intcrmitlcncy nppwws
whtm the enstrnphy hwmmrs rr,mcimllm, This suggmacsthnt If th~ mnxlmum
crtstrophy is wociwd with n (,~)mplcx-time singulmity .so INthv mnxlmum
kuruxds fmwor, Thmq the m)incl(lonco of the pmk tirrws impllcs n cruchd roll

of cmnplrx-tirrw singldflritics in sp:llinl Inlormiltmwy m W]] KS in tmnpord

irlt(’rlrlitt[’tl(:y, which WIM prop(wd n (Iwmlv ngo hy [*IA] nnd Wmf ( I!)8I ),
l]lll:s (If vIdOcIly cornporwnls Aml t}wir trnnsvmw grndhmts nro st,[)wr) ill

h’igs, ?IIIINI(i, ‘]%!’dnlil of lh(’ [)])l;s woro snrnphi nt L [).[), 0.], ().;, I .[), AINI

n(!t!lllnll]ntl~i fr(Mll 100 rmdiznlhms. ‘I’() got hl~]wr m!clwncy, WI’ rImI]dIIMl l,h~)

lhrw v(mlpOnwll,s of vvhwity Iiml tlw SIX mmIpmwIt,s of Lrnnswm’ ~rn(li(vlts
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Fig. 7. PDFs of the pressure in Navier-Stok= turbulence.
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Fig. 9. Effect of helicity input on the kurtais factor of transverse velocity gradienk

together, respxtively, and folded at the vertical axis because both kinds of
PDFs should be symmetric with this axis.

‘The PDFs of velocity components show thinner shapes than the Gaussian
&stribution (dsshwi line) in Fig. 5. This small inward defect from Gaus-
sian was already reported in Fig. 4 of Vincent and Meneguzzi (1991). But
they ignored this defwt to conclude that the PDF of velocity components
is close enough to Gaussian, which is well-known from many experiments
(for example, Van Atta and Chen, 1968). The result in Fig. 5 suggests a
reconsideration of the Gaussianity of veluity components in twbulence.3

The PDFs of transverse gradients show exponential-like tails, as already
reported from both experiments (Van Atta and Chen, 1970; Castaing, Gagne
and Hopfinger, 1990) and simulations (Yamamoto and Hosokawa, 1988; She,
.Jackson and Orsmg, 1988; Kids and Murakarni, 1989; M4tais and Herring,
1989; Vincent and Meneguzzi, 1991) (Fig. 6). The departure from Gaussian
is nlrcm-ly s~turntml at t = 0.5. Horn Fig. 4, the saturation time seems to bc
t z 0.4 when K(t) obtains the maximum value. Though some work has been
done to eiucidatc the exponential-ljke tails (Kralchnan, 1991; She, 1991),

treatment of non-local qumtities like the pressure or its gradient remains

optm to conjecture, Figure 7 shows a typical PDF of the prmmre of Navier-
Wokrs turtmlwmc, Thr rwymmetric fenturc of the pressure PDF has been

.
vnlllv llmrl ~]A$yriIIJIIIIIt”I\]]v,which irl!lit.nldx n k)wt?r kurtotdH for vehxity cImIpImI!IIL!!,
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Fig. 10. (a) The energy spectra for the pasaivt+vector equation under a tkozen
random advecting velocity; (b) the dissipation rate of energy.

already obserwl (for isotropic tUIbI&IICe, M4tais and Lesieur, 1991; for a
mixing layer, Comte, Lesieur and Lamballais, 1991), and this may play an
important role in clarifying the mechanism of the intermittence growth.

3. Cent rol of intermittence

we have seen that the developments of PDFs are intimately related to the
balance between advection and dissipation in turbulence. Thus intermittence
might be controllable if we can somehow adjust the balance. In order to
adjust the balance we propose two heuristic numerical methods. One would
input the helicity initially and the other would modify the Navier-Stokes
~uation.

3.1. INITIAL HELICITY INPUT

Helicity is iI conservative qunntity for an inviscid flow which mensures the
degree of knottcdrms of :hc vortex lines (Mofhtt, 1969). As was suggcstd
by Krnichnnn (1!373), the helicity (or the partinl alignment of velocity u
wit h vort icity w) rduces the dkl of the nonlinmrity u x w ;md dcprcssm
the ovmal I turbulent energy trmnsfcr. Whcn u flow is viscou~, the hdicity
it..solf decnys, and the docny rut~’ of the rntio of th[’ totnl Iwlicity ml thv

toto] mwgy plmys nn importont role. If the twlicily cnn IN slwtnind until

t h~ Pwlk limv of mist rophy, t hvr{’ seems to IN n slgniflcnnt ofroct on vortex

stmlcning.
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Fig. 11. PDFs of (a) the components and (b) the transverse gradien~, of u (passive
vector equation). They both show exponential-like non-Gaussian tails.

Helicity H in the k-space expression is

H = ~ u(k). w(–k) = 2~k.[+(k) X ul(k)] , (9)
k k

where u(k) = w(k) + i~(k) (Polifke, 1991). Thus, by adjusting the angles
between the real and imaginary wctons of complex velocities in the wave
space, we carI input the helicity to the wave modes. To maintain the incom-
pressibility, first a set of real v=tom is generated such that each vec~u, !s
perpendicular to a wave vector and is properly scaled for the energy spec-
t rum. Then an imaginary vector, also perpendicular to the wave vector, is
fommd making a given angle with the real vector.

Figures 8a rmd 8b show the enstrophy and the skewness factor umb. ‘w.
different initial vallm of helicity. We observed that the peaks of the ~lti.rc
phy and the skewness factor became lower and shifted downward with the
helicity input. The vortex stretching was eventually delayed and depressed.
In Fig. 9, the correspondirlg kurtosis fm.ors me plotted. Though the kurtnsis

factor was depressd at an early stage of development, it achieved a higher
value as a grenter helicity was input initially. The result seems puradoxi-
cnl becuuze the helicity which wax supposed to suppress generation of small
scules on the contrm-y enhanced intermittence. Further cnreful consideration
of the generation of (helical) s~ructures is mwessary by checking other types
of initial conditions (for exumple. unisotropic, or structured), or by changing
th~ Reynolds number.
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3.2. MODIFIED NAVIER-STOKES EQUATION

As a tool to analyze the intermittence growth in Navier-Stokes turbulence,
we propose to study the following modified Navier-Stok6 equation,

au
z +(V,v) .U = -Clvp+m% , (lo)

V.v=o. (11)

The points of modification are summarized as follows:

1. The advecting velocity (v) and the advmted velocity (u) are sepa-
rated. We have a variety of choices for v, such as,
(i) L-men velocity field in time,

(a) independent of u (random mixing),
(b) initial field of u(0),

(ii~~freshed after a period At (white noise approximation when At +

(iii) ~elocity field governed by other equations.

– 2. A prefactor a is put before the pressure term,
(i) a = O (passive-vector equation),
(ii) a = I (incompressible passive-veclor equation).

[Jere we concentrntecf only on cases in which v is frozen and independent
of u. ( A dctnilrd report is to IX-Ipublished soon, Kimuru nnd Kraichnnn. )
Figurvs 1(M and 1(lb plot th(’ worgy spwtrn nnd t ho dissipnti(m rnw of



energy. rmpectively. when a = O (p%ssive vector Wuat ion). :\n oh~-ious dif-
ference from those in the Navier-Stokes equation is that the slope of the
middle wave-range is 16s strep. In accordance with the observation about
the energy spatrum. which suggests a bigger energy transfer from large to
small scaies. the dissipation rate of energy shows a higher hump than the
previous case. In contrast with the Xavier-Stokes turbulence, however, the
PDF of the components of u shows a much wider tail than in the Gaus-
sian distribution (Fig. 1la), and the PDF of the transverse gradients attains
even greater non-Gaussiartity (-ig. 1lb). The non-Gaussianity of the passive
v~tor quation as well as the psssiv~scalar ~uation are from a higher order
effect because the Gaussian distribution should be expected when there is
either o~y advection or djfi~ionm -arch on the non.Gaussian dist~ibu.
tion is still undenvay. As an example in which n = 1 (incompressible passive
vector equation), w+ raise the PDF of the pr~sure in Fig. 12. The most sig-
nificant discrepancy horn Fig. 7 is that the shape is sy-rnmetric, which may
manifest a different mechanism in produci.lg different intermit tency.
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